Abstract. We study the sequence of nontrivial zeros of the Riemann zeta-function with respect to sequences of zeros of other related functions, namely, the Hurwitz zeta-function and the derivative of Riemann's zeta-function. Finally, we investigate connections of the nontrivial zeros with the periodic zeta-function. On the basis of computation we derive several classifications of the nontrivial zeros of the Riemann zeta-function and state problems which might be of interest for a better understanding for the distribution of those zeros.
INTRODUCTION
Let s = σ +it denote a complex variable. For σ > 1, the Riemann zeta-function is given by
This function can be analytically continued to the whole complex plane except for a simple pole at s = 1 with residue 1. Trivial zeros of ζ(s) are located at the negative even integers. The remaining, so-called nontrivial zeros lie in the critical strip 0 < σ < 1. In this paper we discuss several relations of those nontrivial zeros with respect to zeros of related functions. In the following section we distinguish between 'stable' and 'unstable' zeros based on the trajectories of zeros of the Hurwitz zeta-function, notions introduced in [2] . In Section 3 we investigate how the nontrivial zeros are related via trajectories with those of ζ (s). Section 4 is devoted to a classification of zeros by properties of the periodic zeta-function.
Stable and Unstable Zeros
For σ > 1, the Hurwitz zeta-function is given by ζ(s, α) = Consider Figure 1 , where several zeros trajectories of ζ(s, α) are shown, as α varies in the range 0.5 ≤ α ≤ 1. For example, it shows that the trajectories which start at the 30-th and the 33-rd zero of ζ(s) = ζ(s, 1) end at zeros of ζ(s, 1/2) on the line σ = 1. We recall some notions introduced in [2] . We call a zero ρ of ζ(s) stable if its trajectory ends on the critical line as α → 1/2; otherwise the zero is called unstable. Denoting the zeros of ζ(s) with positive ordinate by ρ n = β n + iγ n (in ascending order), we find among the first 501 zeros the following unstable zeros, indicated by their index n: Note that in [2] the list of unstable zeros is correct only up to the 288th zero. Here we present the corrected list of unstable zeros. We are grateful to Jonathan Sondow whose notes helped to find inaccuracies in the previous list of unstable zeros. Figure 1 suggests that the zeros for α = 1 should migrate to zeros of smaller imaginary part at α = 1/2. The number of nontrivial zeros of ζ(s) and ζ(s, 1/2) up to T is asymptotically equal to
respectively (see [3] ), and The computations in this section are based on numerical solutions of the differential equation
For the initial condition the zeros of ζ(s, 1) have been used, resp. zeros of ζ(s, 1/2) to check the calculations.
Multiple a-Values and Zeros
Let ρ be a zero of the derivative of the Riemann zeta-function ζ (s) and let a = ζ(ρ ). Then ρ is a multiple a-value of ζ(s). We consider a trajectory s(x), defined by the equation Proof. For any s = 1 the function f x (s) is continuous in x. Hence, the proposition follows from Rouché's theorem.
Since ρ is a multiple a-value of ζ(s), we expect at least two solutions s 1 (x) and s 2 (x) of the equation (3.1), with
To find a trajectory s(x) we solve numerically the differential equation
with initial condition s(0) = ρ, where ρ is an appropriate ζ(s) zero, which we find experimentally. Note, that we cannot start with the initial condition .2), each of which starts at some zero of the Riemann zeta-function and ends at ρ 1 . After some experiments we find solutions s 1 (x) and s 2 (x), where Figure 2 ). Based on this we introduce the notation (2, 3) 1 and say that zeros ρ 2 and ρ 3 of ζ(s) are related by the zero ρ 1 of ζ (s).
Below we give relations between zeros of Riemann zeta-function initialized by all derivative zeros up to ρ 103 = 0.97... + i294.03.... Usually a zero of the derivative is related with two consecutive (and nearest) zeros of the Riemann zeta-function, however, there are exceptions. We use bold characters to indicate Here we find quite complicated system of related zeros, see Figure 4 . We note that the above connection between zeros of the Riemann zetafunction and zeros of its derivative first appeared in the proof of Speiser's classical equivalent for the Riemann hypothesis.
Theorem [A. Speiser]. The Riemann Hypothesis is true if and only if all zeros of the derivative ζ (s) in the right half-plane have real-part ≥ 1/2.
Proof. Suppose that ζ (ρ ) = 0, where (ρ ) < 1/2. We have to find a zero of the function on the left of the critical line. We can assume that ζ(ρ ) = 0, because if this were the case we would have already finished. Since the 
derivative vanishes, there exist two opposite lines, of constant argument and along which |ζ(s)| decreases. We follow these two lines, and we must reach a zero, because |ζ(s)| decreases.
If it is on the left of the critical line, we have finished, while, in the other case, we will reach the critical line. A complete proof can be found in Speiser [5] and Arias-de-Reyna [1] , respectively.
If we consider the nontrivial zeros of the zeta-function as vertices and each trajectory as an edge, we obtain an infinite graph which we shall call the ζ-graph. This ζ-graph encodes a lot of interesting information about the zerodistribution. For instance, the above calculations suggest that this graph is not connected. The number of connected components seems to be approximately equal to the surplus of zeros of the derivative over zeta zeros, which is, up to an error of size O(log T ),
(see [3] ). We may ask whether all possible constellations appear; for example, we find all types of edges (n, n + k) m with k = 1, . . . , 4 in our data set and there is no reason why for some given value k ≥ 5 we shall not find such an edge. Actually, the following heuristic reasoning gives support. By Voronin's famous universality theorem (see Voronin [6] , resp. [3] ), the Riemann zetafunction can approximate any non-vanishing analytic function f (s), defined on a compact subset K of 1 2 < σ < 1 with connected complement, uniformly by certain vertical shifts ζ(s + iτ ). If we construct a target-function f such that its f -graph (defined in an analogous manner as for ζ) contains an edge we want to find for ζ, then universality provides a shift with
and we may hope to find the edge in the ζ-graph shifted by τ . Of course, this is not a proof, however, it provides an approach to search for edges. Unfortunately, the universality theorem is not effective, meaning the only estimates for τ are astronomical. For the construction of the appropriate target-function, however, we may restrict on polynomials.
Extrema and Zeros
The periodic zeta-function is for σ > 1 defined by
where λ ∈ R. For λ ∈ Z this function has an analytic continuation to the whole complex plane. It is easily seen that L(s, 1) = ζ(s) and
The periodic zeta-function is connected to the polylogarithm
The last expression defines an analytic function of z in the cut plane for any s not a positive integer (see [4] ). Then by L(s, λ) = Li s (exp(2πiλ)) we get, for 0 < λ < 1 and s ∈ N,
This leads to the following 
and the Riemann zeta function has no nontrivial zeros to the left-hand side of σ = 0.
Next we give signatures of the first ten nontrivial zeros of the Riemann zeta-function. Note that up to 10 000-th zero there are no zeros with signatures (+, 0), (0, +), (0, −), (−, 0). We expect that each of the sign patterns appears 25 percent when sufficiently many zeros are considered; for low ranges of zeros the preference of patterns starting with '+' might be related to the dominance of the constant term 1 in approximations by Dirichlet polynomials.
